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We construct and study relativistic anyons in 1+1 dimensions generalizing well-known models of
Dirac fermions. First, a model of free anyons is constructed and then extended in two ways: (i) By
adding density-density interactions, as in the Luttinger model. (ii) By coupling the free anyons to
a U(1)-gauge field, as in the Schwinger model. Second, physical properties of these extensions are
studied. By investigating off-diagonal long-range order (ODLRO) at zero temperature, we show that
anyonic statistics allows one to get arbitrarily close to ODLRO but that this possibility is destroyed
by the gauge coupling. The latter is due to a non-zero effective mass generated by gauge invariance,
which we show also implies the presence of screening, independently of the anyonic statistics.
I. INTRODUCTION
A simple way to describe anyons is as particles that
satisfy exchange relations with a phase interpolating
between bosons and fermions. They are often studied
in 2+1 dimensions,1,2 but such exchange relations are
also possible in 1 + 1 dimensions, see, e.g., Refs. 3–
15. For instance, anyonic fields can be constructed
using vertex operators in 1 + 1-dimensional confor-
mal field theory (CFT), and chiral versions have been
proposed to describe edge currents associated to the
fractional quantum Hall effect, see, e.g., Refs. 16–18.
However, non-chiral such theories have received little
to no attention, even though they are prime examples
for studying the interplay between anyonic statistics
and interactions by exact analytical means.
In this paper we construct and analytically study
non-chiral models of relativistic anyons in 1+1 dimen-
sions that generalize well-known exactly solvable mod-
els of massless Dirac fermions in condensed-matter,
high-energy, and mathematical physics. First, we con-
struct a model of free anyons, and then extend it in two
ways: (i) By adding density-density interactions, as in
the Luttinger19–21 and the Thirring22 models. (ii) By
coupling the free anyons to a U(1)-gauge field, as in
the Schwinger model.23,24 Second, as applications, we
study physical properties of these extensions. Specifi-
cally, the possibility to observe off-diagonal long-range
order (ODLRO)25,26 and screening effects.27–29
The presence of ODLRO is characteristic of conden-
sation according to the Penrose-Onsager criterion,30
and the main object for studying ODLRO is the one-
body density matrix (1BDM).25,26 In our case, the
1BDM can essentially be expressed as a 2×2-matrix
ρˆ(x, x′) =
(〈
ψ++(x)ψ
−
+(x
′)
〉 〈
ψ++(x)ψ
−
−(x
′)
〉〈
ψ+−(x)ψ
−
+(x
′)
〉 〈
ψ+−(x)ψ
−
−(x
′)
〉) (1)
whose elements are the equal-time 2-point correlation
functions of anyonic fields ψ−r (x) and ψ+r (x) = ψ−r (x)†
for x on the circle of length L and r = +(−) denoting
right (left) movers. Here, we will exclusively consider
ground-state correlation functions. The fields satisfy
ψq±(x)ψ
q′
± (x
′) = e∓ipiqq
′α sgn(x−x′)ψq
′
± (x
′)ψq±(x), (2a)
ψq±(x)ψ
q′
∓ (x
′) = e∓ipiqq
′αψq
′
∓ (x
′)ψq±(x) (2b)
for q, q′ = ± and x 6= x′, where α ∈ R+ is called the
statistics parameter. As we will see, our construction
of the anyonic fields results in that α cannot be strictly
zero, but it is possible to get arbitrarily close.
To check if ODLRO is present, one can look at the
decay of the correlation functions for large |x − x′|,
or equivalently, how their Fourier transforms for small
momenta scale with the system size. For the latter, the
sum of the Fourier transforms of the diagonal elements
of ρˆ(x, 0) in (1) gives the occupation number of indi-
vidual momentum modes.31 (Formally, the total num-
ber of particles is L[〈ψ++(0)ψ−+(0)〉 + 〈ψ+−(0)ψ−−(0)〉].)
If the decay is algebraic, then the occupation num-
ber n¯kmin of the smallest momentum mode kmin in the
ground state will be shown to scale as
n¯kmin ∝ LC (3)
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2for some exponent C.15 Since L is extensive, C = 1 cor-
responds to ODLRO and thus true macroscopic con-
densation, i.e., the many-body phenomenon where a
quantum state is macroscopically populated.31 How-
ever, even if C is only arbitrarily close but not equal to
1, one could argue that a majority of particles would
still be in the smallest momentum mode for any ex-
perimental system since experiments naturally are of
finite size. In this sense, there could still be an ex-
perimentally visible condensation effect, referred to as
mesoscopic condensation, at zero temperature.15
The free-anyon model that we will construct is for-
mally given by the Hamiltonian
H0 =
∑
r=±
∫ L/2
−L/2
dxN[ψ+r (x)(−irv0∂x)ψ−r (x)] (4)
(we use units where ~ = 0 = 1), where v0 is the (bare)
propagation velocity and N[· · ·] indicates a normal-
ordering prescription for products of two anyonic fields
(see Sec. II C for details).
The first extension we will consider is the anyonic
Luttinger (AL) model. It is formally given by HAL =
H0 +Hint − EAL,0 with H0 in (4) and
Hint =
∑
r,r′=±
∫ L/2
−L/2
dx
piv0
2
(
g2δr,−r′ + g4δr,r′
)
×N[ψ+r (x)ψ−r (x)]N[ψ+r′(x)ψ−r′(x)], (5)
where g2 and g4 are dimensionless couplings satisfy-
ing |g2| < 2 + g4 and we subtracted the ground-state
energy EAL,0. The couplings describe density-density
interactions between (g2) and among (g4) the right-
and left-moving anyons, similar to the usual fermionic
(α = 1) Luttinger model, see, e.g., Refs. 32 and 33.
For the AL model, we will show by exact analytical
computations that the exponent C in (3) is
CAL = 1− αK
2 + 1
2K
, (6)
for α > 0 and K = K(g2, g4) > 0 as a function of
the couplings [see (29) for details]. Here, K is the so-
called Luttinger parameter and encodes the essential
effects of the interactions: In this model, K = 1 corre-
sponds to non-interacting anyons and K 6= 1 to inter-
acting anyons. We stress that CAL < 1 since α > 0 in
our construction, which means that true macroscopic
condensation is not possible. However, CAL can take
values arbitrarily close to 1, which suggests that meso-
scopic condensation is a possibility.
ODLRO was recently studied in Ref. 15 for the any-
onic generalization of the Lieb-Liniger (ALL) model.
The corresponding exponent C in (3) was found to be
CALL = 1− 1
2K
− Kα
2
2
, (7)
where K encodes the interaction in the ALL model
within Luttinger-liquid theory.34 As for AL anyons,
mesoscopic condensation is seen to be possible for ALL
anyons.35 In order to compare these two results, we
plot (6) and (7) as functions of α and K in Fig. 1.
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Figure 1. Plots of C as a function (a) of α for K = 1, 2,
4, 10 (right to left) and (b) of K for α = 0.01, 0.2, 0.4, 0.7
(top to bottom) for the AL model in (6) (blue lines) and
the ALL model in (7) (red dashed lines).
The second extension we will consider is the any-
onic Schwinger (AS) model. As for the usual fermionic
(α = 1) model, this is obtained from (4) by coupling
the anyons to a U(1)-gauge field via minimal coupling
and by adding gauge dynamics. We will show that
ρˆ(x, x′) in (1) for the AS model decays exponentially
with |x − x′| due to a non-zero effective mass gener-
ated by gauge invariance. This destroys any chance of
observing ODLRO, even in the ground state. We will
3also show that the same mass implies the presence of
screening in the AS model, which we recall is a well-
known property of the usual Schwinger model.27–29
More concretely, one signature of screening is that the
“particle-antiparticle” potential V (d), here defined as
the energy of two opposite external charges separated
by a distance d, saturates to a constant as d→∞.28,36
For the AS model, we will show that
VAS(d) =
e20
2mv0
(
1− e−dmv0), (8)
where m = e0/
√
piv
3/2
0 is the effective mass and e0
is the elementary charge,37 which clearly tends to the
constant e20/2mv0 as d→∞. This shows that the AS
model exhibits screening in the above sense indepen-
dently of the anyonic statistics.
Lastly, we mention that screening was recently stud-
ied in Ref. 38 for a version of the fermionic Schwinger
model with a gauge field in higher (two or three) spa-
tial dimensions and shown to always be present even
then. We also remark that there are recent advances
towards experimental realizations of the Schwinger
model using ultracold atomic gases.39–41
The remainder of this paper is organized as follows.
In Sec. II, the construction of our free anyonic model
is given. In Sec. III, the above mentioned extensions
are presented. As applications, ODLRO and screening
for these extensions are studied in Sec. IV. Concluding
remarks are given in Sec. V.
II. FREE ANYONS
In what follows, we construct a model of free anyons
on the circle in the spirit of Refs. 6 and 42.
A. Hilbert space
We start by constructing the Hilbert space. As will
become clear, in this construction, we will need two
parameters α0 ∈ R+ and α ∈ R+ with the condition
nα =
√
α/α0 ∈ Z+. (9)
Let ρr(p)† = ρr(−p) and R†r = R−1r for r = ± and
p ∈ (2pi/L)Z be operators satisfying[
ρr (p), ρr′(p
′)
]
= r
Lp
2pi
δr,r′δp+p′,0, (10a)[
ρr (p), Rr′
]
= r
√
α0δr,r′δp,0Rr , (10b)
and
ρr(rp)|Ψ0〉 = 0 ∀p ≥ 0, (11a)
〈Ψ0|Rq++ R−q−− |Ψ0〉 = δq+,0δq−,0 (11b)
for q± ∈ Z, which also defines the vacuum |Ψ0〉. Op-
erators with different r = ± commute, except for the
R±-operators for which we have a freedom to impose
exchange relations. For reasons that will become clear,
we choose
R±R∓ = e
±ipiα0R∓R±. (12)
Clearly, (odd) even α0 corresponds to (anti-) commu-
tation relations.
We refer to ρ±(p) as density operators,
√
α0Q± =
ρ±(0) as zero modes, and R± as Klein factors. For
later reference, we note that Rrnαr and R−rnαr can be
interpreted as charge raising and lowering operators,
respectively, and
√
α0/αQr as chiral anyon number
operators. Moreover, if we introduce the elementary
charge e0, then e0
√
α0Qr can be interpreted as chi-
ral charge operators. Indeed, it follows from (10b)
that
[√
α0Qr, R
±rnα
r
]
= ±√αR±rnαr . This means that
R±rnαr change the charge in units of
e =
√
αe0. (13)
As we will see, e can be interpreted as anyonic (or frac-
tional) charge. We note that the reason for the condi-
tion in (9) is that only integer powers of R± are well-
defined. Moreover, the same condition implies that
Q± have integer spectrum.
To construct the Hilbert space F , we introduce the
boson creation and annihilation operators
b+p =
(
b−p
)†
, b−p =
−i
√
2pi
L|p|ρ+(p) if p > 0,
+i
√
2pi
L|p|ρ−(p) if p < 0.
(14)
It follows that these satisfy[
b−p , b
+
p′
]
= δp,p′ ,
[
b±p , b
±
p′
]
= 0,
b−p |Ψ0〉 = 0 ∀p 6= 0.
(15)
Consider the states
|Ψ0,m〉 =
∏
p6=0
(
b+p
)m(p)√
m(p)!
Rq++ R−q−− |Ψ0〉 (16)
for m = {(m(p))p 6=0, q+, q−}, m(p) ∈ N = {0, 1, . . .}
and q± ∈ Z, where at most finitely many of the m(p)
are non-zero. (Note that |Ψ0〉 = |Ψ0,0〉.) One can
check that these states form an orthonormal basis, and
F can be constructed from the vector space of all finite
linear combination of these states, see, e.g., Ref. 42.
4B. Anyonic fields
Given  > 0, we define the regularized fields
ψ−r (x; ) = L
−α/2 ××R−rnαr exp
(
ir
√
α
2pi
L
[
x
√
α0Qr +
∑
p 6=0
1
ip
ρr(p)e
ipx−|p|/2
])
×
× , ψ+r (x; ) = ψ
−
r (x; )
† (17)
for r = ± and x ∈ [−L/2, L/2], where ×× · · ·×× indicates boson Wick ordering, see Ref. 42 for details. From here
it is clear that we must require α > 0 for this construction to be meaningful. Using the tools in Ref. 42, one can
show that [cf. (2)]
ψq±(x; )ψ
q′
± (x
′; ′) = e∓ipiqq
′α sgn(x−x′;+′)ψq
′
± (x
′; ′)ψq±(x; ), (18a)
ψq±(x; )ψ
q′
∓ (x
′; ′) = e∓ipiqq
′αψq
′
∓ (x
′; ′)ψq±(x; ) (18b)
for x, x′ ∈ [−L/2, L/2], q, q′ = ±, and , ′ > 0, where
sgn(x; ) =
2
L
(
x+
∑
p 6=0
1
ip
eipx−|p|/2
)
(19)
is a regularized sign function. We see from (18) that
(odd) even α corresponds to (anti-) commutation re-
lations, but from (13) that, e.g., α = 1 and α = 3 are
still different. [Note that (18b) follows from (17) and
our choice in (12).]
The definition in (17) is similar to the construction
of regularized fermionic fields based on vertex opera-
tors reviewed in Ref. 42. Here, our fields are anyonic
in the sense that they satisfy the generalized exchange
relations in (18). Moreover, it follows from Sec. IIA
that the fields in (17) change the charge in units of e in
(13). This motivates interpreting e as anyonic charge.
In general, as explained below [see (27)], the bound-
ary conditions for the anyonic fields are twisted and
depend on the charge sector of the Hilbert space.
The free-anyon Hamiltonian in (4) can be made pre-
cise as
H0 = v0
∑
r=±
(
pi
L
α0Q
2
r +
∑
p>0
2pi
L
ρr(−rp)ρr(rp)
)
(20)
in Fourier space (see Sec. II C and App. A). The
ground state of H0 is |Ψ0〉, and |Ψ0,m〉 in (16) are its
exact eigenstates with corresponding exact eigenvalues
E0,m =
piv0
L
α0
(
q2+ + q
2
−
)
+
∑
p 6=0
v0|p|m(p), (21)
i.e., H0|Ψ0,m〉 = E0,m|Ψ0,m〉.
Using the tools in Ref. 42, we can compute exact
non-equal-time correlation functions for the anyonic
fields ψ±r (x, t; ) = eiH0tψ±r (x; )e−iH0t. The results
for the ground-state 2-point correlation functions are
lim
,′→0+
〈Ψ0|ψ+r (x, t; )ψ−r′(x′, t′; ′)|Ψ0〉
= Gr,r′(x− x′; t− t′) (22)
with
lim
L→∞
Gr,r′(x; t) =
δr,r′
(2pi)α
(
ri
x− rv0t+ ir0+
)α
(23)
in the thermodynamic limit.
C. Anyon normal ordering
We introduce an anyon normal-ordering prescription
N[· · ·] for bilinears in the anyonic fields inspired by
operator product expansions.43 Formally, we define
N[ψ+r (x)∂
n
xψ
−
r (x)]
= lim
→0+
lim
y→0
N[ψ
+
r (x; )∂
n
yψ
−
r (x+ y; )] (24)
for n = 0, 1, . . . , where
N[ψ
+
r (x; )∂
n
yψ
−
r (x+ y; )] =
r
2pii
Lα
(n+ 1)!
×
(
1√
α
∂
∂y
)n+1
×
×ψ+r (x; )ψ
−
r (x+ y; )
×
× (25)
5for y 6= 0. Using this normal-ordering prescription, we
can formally write
ρ±(x) = N[ψ+±(x)ψ
−
±(x)] (26)
and H0 in (20) as in (4), see App. A for details. In
particular, we emphasize that our prescription implies
that H0 in (4) is independent of α, in agreement with
(20). Moreover, for α = 1, one recovers the usual Wick
ordering for fermions, see App. A.
D. Some remarks
Before continuing, a number of remarks are in order:
(i) One can introduce a second set of fields given by
(17) with
√
α replaced by 1/
√
α and nα = 1, see, e.g.,
Refs. 4, 44, and 45. However, in this paper, these fields
will not be considered.
(ii) If the fields in Remark (i) are not included, α0
can be absorbed by (a) defining R±r = R±nαr and
Qr = √α0Qr, and (b) restricting qr in (16) to integer
multiples of nα in (9), i.e., qr = q˜rnα for q˜r ∈ Z. The
reason is that the full Hilbert space F is equivalent
to a fermionic Fock space through the boson-fermion
correspondence, see, e.g., Ref. 42, while (b) defines a
restricted Hilbert space Fres of F . In other words,
(a) and (b) “remove” this connection with fermions,
and the result is closer to the approach of construct-
ing anyons starting from compactified bosons, see, e.g.,
Ref. 4.46 In particular,
[Qr,R±rq˜rr ] = ±√αq˜rR±rq˜rr ,
meaning that Q±/
√
α have integer spectrum in Fres.
(iii) The restricted Hilbert space Fres above can be
decomposed as Fres = ⊕(q˜+,q˜−)∈Z2F (q˜+,q˜−)res into charge
sectors F (q˜+,q˜−)res . In each of these, the anyonic fields
can be shown to obey twisted boundary conditions
ψ±r (x+ L; ) = e
∓irpiφ(q˜r)ψ±r (x; ) (27)
with φ(q˜r) = α(2q˜r − 1). In other words, the anyons
know about the charge of the system. For later ref-
erence, we define the Fourier transforms of our fields
as ψˆ±r (k; ) = (2pi)−1/2
∫ L/2
−L/2 dxψ
±
r (x; )e
±irkx for k ∈
(2pi/L)[Z+φ(q˜r)/2]. (Note the r in e±irkx.) We stress
that these sets of momenta depend on the charge sec-
tor through φ(q˜r) but otherwise do not depend on r.
III. EXTENSIONS
Our free-anyon model above can be extended in sev-
eral ways. We consider two: (i) The anyonic Luttinger
model, where we add density-density interactions. (ii)
The anyonic Schwinger model, where we instead cou-
ple it to a U(1)-gauge field.
A. The anyonic Luttinger model
Our first extension is given by the AL Hamiltonian
HAL = H0 +Hint − EAL,0 with H0 in (20) and
Hint =
v0
2
∑
r=±
(
pi
L
α0
[
g2QrQ−r + g4Q2r
]
(28)
+
∑
p>0
2pi
L
[
g2ρr(−p)ρ−r(p) + g4ρr(−p)ρr(p)
])
with coupling constants g2 and g4 satisfying |g2| < 2+
g4, where the last term subtracts the energy EAL,0 of
the interacting ground state |ΨAL〉. Note thatHint can
be written as in (5) using the anyon normal-ordering
prescription in Sec. II C. As for H0, we emphasize that
our normal ordering implies that Hint in the latter
formula does not depend on α, in agreement with (28).
To study the AL model, it is convenient to introduce
the renormalized velocity and the Luttinger parameter
v = v0
√
(1 + g4/2)2 − (g2/2)2,
K =
√
(2 + g4 − g2)/(2 + g4 + g2),
(29)
respectively.32,33 The first is the propagation velocity
in the interacting model, and the second will be seen
to encode the essential effects of the interactions.
It is well known that point-like interactions as in
(28) lead to ultraviolet divergencies. To handle these
requires: (i) Additive renormalization of the Hamil-
tonian, i.e., the subtraction of EAL,0 in (28). (ii)
Multiplicative renormalization of the anyonic fields in
(17), see App. B for details. By abuse of notation, we
will here use ψ±r (x; ) to also denote the renormalized
fields.
As before for free anyons, using the tools in Ref. 42,
one can compute non-equal-time correlations func-
tions for the renormalized anyonic fields ψ±r (x, t; ) =
eiHALtψ±r (x, t; )e
−iHALt. The results for the ground-
state 2-point correlation functions are
lim
,′→0+
〈ΨAL|ψ+r (x, t; )ψ−r′(x′, t′; ′)|ΨAL〉
= GALr,r′(x− x′; t− t′) (30)
6with
lim
L→∞
GALr,r′(x; t) (31)
=
δr,r′
(2pi)α
(
i
x− vt+ i0+
)2∆+r ( −i
x+ vt− i0+
)2∆−r
in the thermodynamic limit, where
∆±r = α
(K ± r)2
8K
. (32)
For α = 1, the latter can be recognized as the confor-
mal weights for the fields in the usual Luttinger model.
Thus, for anyons they are generalized by a factor α.
As a remark, we stress that the correlation functions
in (31) correspond to those in Klaiber’s solutions47 of
the Thirring model [see Eq. (VII.3) in Ref. 47]. More
precisely, Klaiber computed all N -point correlation
functions for that model and showed that, in general,
they belong to a two-parameter family consisting of
a statistics parameter λ and a coupling constant g.
These can be shown to correspond to our parameters
α and K via λ = pi(α− 1) and g2 = αpi2(K − 1)2/K.
Thus, in principle, already Ref. 47 allowed for 1 + 1-
dimensional anyons [see Eq. (VI.2) in Ref. 47].
B. The anyonic Schwinger model
In our second extension, we couple the free any-
onic model in (20) to a U(1)-gauge field. In one spa-
tial dimension, the electromagnetic tensor consists of
one non-trivial component only, i.e., Fµµ′ = µµ′E/c,
where E = E(x) is the electric field, µµ′ is the Levi-
Civita symbol (01 = 1), and c is the speed of light.
The gauge degrees of freedom consist of E(x) with its
conjugated field A(x).48 The overall Hilbert space of
the theory is H = F ⊗ Fgauge with F introduced in
Sec. IIA and Fgauge in App. E. However, as discussed
in Apps. E 1 and E2, H is redundant due to gauge
invariance. We will therefore “restrict” to a physical
Hilbert space Hphys of gauge-invariant states, which
will correspond to working in the Coulomb gauge.
The Hamiltonian of the model is obtained by making
H0 gauge invariant and adding gauge dynamics. The
former task requires the usual substitution for gauge-
covariant derivatives, i.e., i∂x → i∂x−eA(x), where e is
the anyonic charge in (13). However, this is not enough
due to the singular nature of the fields: One must also
replace N[· · ·] by a gauge-invariant normal-ordering
NAS[· · ·] of products of the fields, see App. E 3. Using
this, we can formally write
HAS =
1
2
∫ L/2
−L/2
dx
×
×E(x)2
×
×+
∑
r=±
∫ L/2
−L/2
dx
×NAS[ψ+r (x)rv0(−i∂x + eA(x))ψ−r (x)]− EAS, (33)
where (1/2)
∫ L/2
−L/2 dx
×
×E(x)2
×
× really stands for
Eˆ(0)2
2L
+
∑
p 6=0
1
2Lp2
×
×
[
e√
α
ρ(−p)− Gˆ(−p)
]
×
[
e√
α
ρ(p)− Gˆ(p)
]
×
× . (34)
Here, ×× · · ·×× indicates the boson Wick ordering intro-
duced in (17), ρ(p) = ρ+(p) + ρ−(p), and Gˆ(p) is the
Fourier transform of the Gauss’s-law operator G(x),
Gˆ(p) = −ipEˆ(p) + e√
α
ρ(p) ∀p ∈ 2pi
L
Z. (35)
Finally, the last term in (33) subtracts the ground
state energy EAS,0 in the absence of external charges,
which corresponds to an additive renormalization.
The model is not defined only by the Hamiltonian
since physical solutions have to obey Gauss’s law. In
the absence of external charges, which for simplicity is
assumed in this section, Gauss’s law is formally
G(x) = 0. (36)
In the physical Hilbert space, Gauss’s law is an actual
identity and corresponds to fixing a trivial represen-
tation of small gauge transformations on Hphys. For
completeness, we remark that Hphys and, in particu-
lar, the ground state of the model would depend on the
density of external charges if present. See Apps. E 1
and E 2 for further details on Gauss’s law and gauge
fixing.
In the AS model, as for the usual Schwinger model,
global chiral symmetry is spontaneously broken and
the ground state is infinitely degenerate: We denote it
by |ΨAS(θ)〉 for θ ∈ [0, 2pi), see App. E 2. (“Locally”
this is related to the so-called axial anomaly, i.e., that
the chiral current is no longer conserved.) Similarly to
the free case [cf. (16)], we can construct exact eigen-
states |ΨAS,n(θ)〉 for n = (n(p))p∈(2pi/L)Z, n(p) ∈ N,
where at most finitely many of the n(p) are non-zero.
These satisfy HAS|ΨAS,n(θ)〉 = EAS,n|ΨAS,n(θ)〉 with
the exact eigenvalues
EAS,n =
∑
p
ω(p)n(p), (37)
7where
ω(p) =
√
p2v20 +m
2v40 (38)
is a relativistic dispersion relation with the effective
mass
m =
e
√
piαv
3/2
0
=
e0√
piv
3/2
0
. (39)
The gauge-invariant ground-state 2-point correla-
tion functions for the AS model in the Coulomb gauge
are defined as
GASθ;r,r′(x, x
′; t, t′) = lim
,′→0+
〈ΨAS(θ)|ψ+r (x, t; )
× e−iw (x,t)eiw′ (x′,t′)ψ−r′(x′, t′; ′)|ΨAS(θ)〉 (40)
using the Wilson-line operator
w(x, t) = e
∫ L/2
−L/2
dy B(x, y)A(y, t), (41)
where B(x, y) = x/L−
∑
p 6=0(1/L)e
ip(x−y)−|p|/ip and
A(y, t) is the time-evolved gauge potential. As for free
anyons in Sec. II B and the AL model in Sec. IIIA,
such correlation functions can be computed by exact
analytical means: The explicit expression for (40) is
given in (D1) and (D2) in App. D.
IV. APPLICATIONS
In what follows we discuss physical properties of the
extensions in Sec. III.
A. Approaching ODLRO for the anyonic
Luttinger model
To study the possibility of observing ODLRO for
the AL model in the ground state, we consider the
occupation number n¯k of momentum mode k for finite
L, which can be expressed as
n¯k =
∑
r=±
∫ L/2
−L/2
dx
× lim
→0+
〈ΨAL|ψ+r (x; )ψ−r (0; )|ΨAL〉e−irkx (42)
for k ∈ (2pi/L)(Z−α/2) [cf. Remark (iii) in Sec. IID].
We recall that this is directly related to the Fourier
transform of the 1BDM,30,31 see Sec. I. Such occupa-
tion numbers were computed also by Mattis and Lieb
in Ref. 21 (and used to show that sufficiently strong
interactions in the usual Luttinger model can elimi-
nate the Fermi surface). Note that momenta k in our
model are measured relative to the vacuum, which for
fermions is referred to as the filled Dirac sea.
The correlation functions in (31) decay algebraically
as |x|−α(K2+1)/2K for large |x|. For our system, this
decay can be shown to be true also for finite but large
L requiring only that L  |x|  0. Thus, in Fourier
space, the occupation number n¯kmin of the smallest
mode kmin must scale as
n¯kmin ∝ (∆k)α(K
2+1)/(2K)−1, (43)
where ∆k = 2pi/L is the separation between points in
Fourier space for finite L and kmin = −pi(α − 2n0)/L
for some n0 ∈ Z such that α − 2n0 ∈ (−1, 1]. The
result in (43) implies:
In the anyonic Luttinger model, the occupation num-
ber n¯kmin of the smallest mode kmin scales as n¯kmin ∝
LCAL for large L with CAL in (6) for α > 0 and K > 0.
Recall from Sec. I that, if CAL = 1, then we would
have ODLRO and thus macroscopic condensation,
while CAL close but not exactly equal to 1 corresponds
to mesoscopic condensation. Moreover, if CAL < 0,
then n¯kmin → 0 as L → ∞. Thus, from the above
result and (6), we draw the following conclusions:
(i) For α ≥ 1, there can never be macro- or meso-
scopic condensation since (K2 + 1)/2K for K > 0 has
a global minimum at K = 1 (i.e., no interactions). As
expected, this includes fermions (α = 1).
(ii) For 0 < α < 1, mesoscopic condensation is pos-
sible, even with interactions, by making α arbitrarily
small. However, since α cannot be strictly zero, macro-
scopic condensation is never possible.
Lastly, we note that, for a given α, it is always pos-
sible to destroy any mesoscopic condensation by in-
creasing |g2| (and g4 so to keep |g2| < 2 + g4 fulfilled).
Specifically, by making K larger if g2 > 0 (i.e., more
attractive) or smaller if g2 < 0 (i.e., more repulsive).
B. Absence of ODLRO and presence of
screening in the anyonic Schwinger model
To study ODLRO for the AS model we consider the
1BDM directly. As explained in Sec. I, the elements
of the latter consist of the 2-point correlation func-
tions GASθ;r,r′(x, x
′; 0, 0) in (40), see (D1) and (D2) in
App. D for the explicit expression. There we also state
8and prove a number of properties for these correlation
functions, including that GASθ;r,r′(x, x
′; 0, 0) decays ex-
ponentially in |x−x′| due to the non-zero mass in (39).
Specifically, we show that limL→∞GASθ;r,r′(x, x
′; 0, 0)
for |x− x′|  1 decays like
exp
(−Cmv0α|x− x′|) (44)
for some constant C > 0. This implies:
In the anyonic Schwinger model, ODLRO is always
absent independently of α > 0.
Another property we prove in App. D is that global
chiral symmetry is recovered as the mass vanishes in
the sense that limm→0+ limL→∞GASθ;±,∓(x, x
′; t, t′) =
0. We also show that GASθ;r,r′(x, x
′; t, t′) has a pecu-
liar behavior in the thermodynamic limit: If x 6= x′,
then limL→∞GASθ;r,r′(x, x
′; t, t′) = 0 unless t − t′ ∈
(2pi/mv20)Z. Moreover, the limit is approached in an
exponential way that depends on t − t′, and thus re-
moving this vanishing contribution is not simply a
matter of a multiplicative renormalization.
By studying the correlation functions in (40) it is
also possible to probe the presence of screening, see,
e.g., Ref. 29. Another way to investigate this, which is
also more direct, is to study the “particle-antiparticle”
potential.28 This is defined as the difference between
the ground-state energy of the model when two op-
posite external charges are present and the case when
they are absent. In one spatial dimension, one would
naturally expect this energy difference to grow lin-
early with the distance between the two charges, un-
less screening occurs. In the latter case, the external
charges, regardless of their magnitude, are effectively
surrounded by a cloud of opposite charges and there-
fore the potential saturates to a constant value for long
distances.
As remarked in Sec. III B, external charges do not
modify the Hamiltonian as written in (33), but they
do modify Gauss’s law, which formally becomes
G(x) = − e√
α
ρext(x), (45)
where ρext(x) is the density of external charges. Con-
sequently, the ground state as well as the effective
Hilbert space Hphys are modified, see App. E 2. We
are interested in the following special case:
ρext(x) = δ(x− d/2)− δ(x+ d/2), (46)
i.e., two opposite charges separated by a distance
d < L/2. Denote by |ΨAS(θ, d)〉 the correspond-
ing ground state. The “particle-antiparticle” potential
is then VAS(d) = limL→∞〈ΨAS(θ, d)|H|ΨAS(θ, d)〉 −
〈ΨAS(θ)|H|ΨAS(θ)〉, which can be shown to give ex-
actly the result in (8), see App. C. Since m 6= 0 in
(39) for any α ∈ R+, it follows that VAS(d) saturates
to a constant, which implies:
In the anyonic Schwinger model, there is always
screening independently of α > 0.
Note that this result is due to the same non-zero
mass as is responsible for the exponential decay of
GASθ;r,r′(x, x
′; 0, 0) in |x − x′|. Indeed, it follows from
(8) that limm→0+ VAS(d) ∝ d, as expected for two op-
positely charged particles in the absence of screening.
V. CONCLUDING REMARKS
We constructed a free model of 1+1-dimensional rel-
ativistic anyons and two different extensions that we
called (i) the anyonic Luttinger (AL) and (ii) the any-
onic Schwinger (AS) model. In (i) we added density-
density interactions, and in (ii) we instead coupled the
free anyons to a U(1)-gauge field. We studied physical
properties of these extensions, specifically the possibil-
ity to observe ODLRO and screening effects. For the
AL model we showed that one can get arbitrarily close
to ODLRO, which we referred to as mesoscopic con-
densation, while ODLRO is always absent in the AS
model. The reason for the latter was shown to be re-
lated to the presence of screening, which we showed is
always there, independently of the anyonic statistics.
Our results for the AL model were compared with
recent results for an anyonic generalization of the Lieb-
Liniger (ALL) model in Ref. 15, see Fig. 1. In general,
CAL in (6) and CALL in (7) depend differently onK and
α. However, it is interesting to note that for fermions
(α = 1) they agree for all K > 0.
In addition to the approach followed in this paper
based on vertex operators with generalized (exchange)
statistics, there is another approach to anyons based
on Haldane’s fractional exclusion statistics (FES),49,50
see, e.g., Ref. 5 for a review. Simply put, FES mea-
sures how the available Hilbert space changes with the
addition of one more particle. Thus, a natural exten-
sion of this work would be to investigate the connec-
tions between our approach and that based on FES,
cf., e.g., Ref. 51. To this end, one possible route mo-
tivates the inclusion of the second set of fields in Re-
mark (i) in Sec. IID as those are expected to be needed
if one wants to construct the full Hilbert space using
anyon creation and annihilation operators.4,44,45
Lastly, we note that it would be interesting to study
9the more general anyonic model with both density-
density interactions and coupling to a gauge field. This
would be an anyonic generalization of the fermionic
model in Ref. 52 and allow one to investigate the full
interplay between anyonic statistics, interactions, and
gauge coupling. It would also be interesting to study
possible connections between the observed possibility
to get arbitrarily close to ODLRO for the AL model
and questions about stability of matter for anyons.53,54
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Appendix A: Anyon normal ordering
In what follows we give further details for the anyon
normal ordering in Sec. II C.
By standard manipulations with vertex operators,
×
×ψ+r (x; )ψ
−
r (x+ y; )
×
× = L−α ××exp
[
ir
√
α
2pi
L
×
(
yρr(0) +
∑
p 6=0
eipy − 1
ip
ρr(p)e
ipx−|p|/2
)]
×
× . (A1)
Therefore, using (25), we obtain
lim
y→0
N[ψ
+
r (x; )ψ
−
r (x+ y; )] =
∑
p
1
L
ρr(p)e
ipx−|p|/2,
(A2)
which, using (24), means that we can formally identify
N[ψ+r (x)ψ
−
r (x)] with ρr(x). Likewise,
lim
y→0
N[ψ
+
r (x; )∂yψ
−
r (x+ y; )]
=
1
2
√
α
∂x
(∑
p
1
L
ρr(p)e
ipx−|p|/2
)
+ ipir
×
×
(∑
p
1
L
ρr(p)e
ipx−|p|/2
)2
×
× ,
(A3)
and thus, using (24), we obtain∫ L/2
−L/2
dxN[ψ+r (x)(−irv0∂x)ψ−r (x)] (A4)
=
piv0
L
ρr(0)
2 +
∑
p>0
2piv0
L
ρr(−rp)ρr(rp)
for r = ±, which implies that the expression in (4)
formally corresponds to the one in (20).
Lastly, we establish the connection with the usual
ordering for fermions (α = 1) based on point splitting:
:ψ+r (x)ψ
−
r (x) : = lim
→0+
lim
y→0
(
ψ+r (x; )ψ
−
r (x+ y; )
− 〈Ψ0|ψ+r (x; )ψ−r (x+ y; )|Ψ0〉
)
. (A5)
One can check that the expression in brackets on the
r.h.s. is smooth and that
lim
→0+
lim
y→0
〈Ψ0|ψ+r (x; )ψ−r (x+ y; )|Ψ0〉−1 = 0, (A6)
lim
→0+
lim
y→0
∂y〈Ψ0|ψ+r (x; )ψ−r (x+ y; )|Ψ0〉−1 = 2piir.
Since
×
×ψ+r (x; )ψ
−
r (x+ y; )
×
× (A7)
=
L−α
〈Ψ0|ψ+r (x; )ψ−r (x+ y; )|Ψ0〉
ψ+r (x; )ψ
−
r (x+ y; ),
we obtain N[ψ+r (x)ψ−r (x)] = :ψ+r (x)ψ−r (x): if α = 1.
Appendix B: Solution of the anyonic Luttinger
model
We briefly summarize the solution of the AL model
following the presentations in Refs. 42 and 55. To
make our discussion more precise, we introduce the
non-local version of the AL model, which is obtained
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by replacing piv0 in (28) by momentum-dependent in-
teraction potentials V2(p) and V4(p) in each term pro-
portional to g2 and g4, respectively. The precise con-
ditions on the interactions are V2,4(p) = V2,4(−p) and∣∣g2V2(p)∣∣ < 2piv0 + g4V4(p) ∀p, (B1a)∑
p>0
p
[
g2V2(p)
]2
2piv0
[
2piv0 + g4V4(p)
] <∞. (B1b)
When (B1) are satisfied, the Hamiltonian HAL can be
diagonalized by a Bogoliubov transformation imple-
mented by a unitary operator eiSAL where
SAL = i
∑
p 6=0
2pi
L
ϕAL(p)
p
ρ+(−p)ρ−(p) (B2)
with ϕAL(p) = ϕAL(−p) ∈ R given by tanh 2ϕAL(p) =
−g2V2(p)/[2piv0 + g4V4(p)] for all p 6= 0. The corre-
sponding momentum-dependent propagation velocity
and Luttinger parameter are
v(p) = v0
√[
1 +
g4V4(p)
2piv0
]2
−
[
g2V2(p)
2piv0
]2
, (B3)
K(p) = e2ϕAL(p) =
√
2piv0 + g4V4(p)− g2V2(p)
2piv0 + g4V4(p) + g2V2(p)
,
respectively. For the Hamiltonian, we obtain
eiSALHALe
−iSAL = HQAL +DAL, (B4)
where HQAL is the zero-mode contribution and DAL is
diagonal in ρr(p 6= 0). Moreover, for non-local interac-
tions, the interacting ground state |ΨAL〉 can be writ-
ten |ΨAL〉 = e−iSAL |Ψ0〉. The corresponding ground-
state energy EAL,0 = −
∑
p>0[v0 − v(p)]p subtracted
in (28) diverges in the limit of point-like interactions.
As mentioned, for point-like interactions, the Hamil-
tonian and the anyonic fields have to be renormalized.
The first renormalization is already taken care of by
subtracting EAL,0 in our definition of HAL. For the
second, consider sharp cutoffs Vi(p) = piv0Θ(pi/a−|p|)
for a > 0, where Θ(·) is the Heaviside function. Each
anyonic field ψ±r (x; ) gives rise to a factor
Za, = exp
(
−α
∑
p>0
2pi
Lp
[1−K(p)]2
4K(p)
e−p
)
(B5)
in any correlation function, see, e.g., Ref. 42. Since
Za,
a→0+−−−−→ (1 − e−2pi/L)α(1−K)2/4K /L→0+−−−−−→ 0, we
must renormalize ψ±r (x; ) by multiplying with Z−1a, .
To get meaningful results for large L, they must also
be rescaled by
(
2pi ˜`/L
)α(1−K)2/4K , where ˜` > 0 is
an arbitrary length. Since
(
2pi ˜`/L
)α(1−K)2/4K
Z−1a, →(
eγpi ˜`/a
)α(1−K)2/4K
[1 + O(a/L))] as  → 0+, where
γ is the Euler-Mascheroni constant, we more specifi-
cally renormalize ψ±r (x; ) by multiplying them with
(eγpi ˜`/a)α(1−K)
2/4K and set ˜`= 1 as is common.
Appendix C: Solution of the anyonic Schwinger
model
Below we give key steps in the solution of the AS
model. These are then used to derive (8).
The Hamiltonian in (33) can be written in Fourier
space as [cf. App. E 3]
HAS = H
Q
AS +
∑
p 6=0
piv0
2L
(
ω(p)2
v20p
2
×
×ρG(−p)ρG(p)××
+
×
×ρG5 (−p)ρG5 (p)×× +
v0Gˆ(−p)Gˆ(p)
piω(p)2
)
(C1)
with the zero-mode contribution
HQAS =
Eˆ(0)2
2L
+
piv0ρ
G
5 (0)
2
2L
− mv
2
0
2
+
v20Gˆ(0)
2
2Lω(0)
, (C2)
where
ρG(p) = ρG+(p) + ρ
G
−(p), ρ
G
5 (p) = ρ
G
+(p)− ρG−(p),
ρGr (p) = ρ+(p) + r
eAˆ(p)√
α
− eGˆ(p)
2pi
√
αω(p)2
(C3)
with Aˆ(p) = (2pi)−1
∫ L/2
−L/2 dxA(x)e
−ipx. Similar to
the solution of the AL model in App. B, we define
SAS = i
∑
p 6=0
2pi
L
ϕAS(p)
p
ρG+(−p)ρG−(p) (C4)
with ϕAS(−p) = ϕAS(p) ∈ R given by tanh 2ϕAS(p) =
m2v20/[2p
2 +m2v20 ] for all p 6= 0. It follows that
eiSASHASe
−iSAS = HQAS +DAS +
∑
p 6=0
v20Gˆ(−p)Gˆ(p)
2Lω(p)2
,
(C5)
where DAS is diagonal in ρGr (p 6= 0). The ground-
state energy, which we subtracted in (33), is EAS,0 =
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−∑p>0 [ω(p)− pv0]2/(2pv0) and diverges as L → ∞.
The zero-mode contribution requires a separate dis-
cussion which we omit for conciseness.
The result in (C5) can be used to derive (8) as fol-
lows. In the presence of external charges, the operators
Gˆ(p) (for p ∈ (2pi/L)Z) have a trivial action in Hphys,
see App. E 2, and it follows from (45) and (C5) that
the excitation energies are modified according to
HAS|ΨAS,n(θ, ρext)〉 (C6)
=
[
EAS,n +
∑
p
e2v20ρext(−p)ρext(p)
2Lαω(p)2
]
|ΨAS,n(θ, ρext)〉,
where ρext(p) =
∫ L/2
−L/2 dx ρext(x)e
−ipx. From this, us-
ing that (46) implies ρext(p) = −2i sin(pd/2), we read
out the “particle-antiparticle” potential to be
VAS(d) =
e20
pi
∫ ∞
−∞
dp
sin2(pd/2)
p2 +m2v20
, (C7)
which gives the expression in (8).
Appendix D: 2-point correlation functions for the
anyonic Schwinger model
Using the tools in Ref. 42 one can show that
lim
L→∞
GASθ;r,r′(x, x
′; t, t′) = lim
L→∞
ei(r−r
′)θ˜/2 (D1)
× G˜0;r,r′(x− x′; t− t′)Rr,r′(t− t′)eαKr,r′ (x−x′;t−t′)
with θ˜ = θnα [cf. Remark (ii) in Sec. IID] and
G˜r,r′(x; t) = L
−αδr,r′ e−irpiαδr,r′ (x−x
′)/L exp
(
αδr,r′
∑
p>0
2pi
Lp
eirp(x+ir0
+)−iω(p)t
)
,
Rr,r′(t) = L
−αδr,−r′ exp
(
α
∑
p>0
2pi
Lp
e−iω(p)t
(
δr,r′ [ω(p)− pv0]2 + δr,−r′m2v40
)− [ω(p)− pv0]2
2ω(p)pv0
)
, (D2)
Kr,r′(x; t) =
∑
p>0
2pi
Lp
e−iω(p)t[cos(px)− 1]δr,r′ [ω(p)− pv0]
2 + δr,−r′m2v40
ω(p)pv0
.
This result agrees with the 2-point correlation func-
tions for the (fermionic) Luttinger-Schwinger model
in Ref. 52. Moreover, G˜r,r(x; 0) coincides with the 2-
point correlation functions for free anyons in (22) at
equal times, while G˜r,−r(x; t) = 1. The zero modes
would require a more detailed discussion which we
again omit for conciseness. We only note that they
can be shown to give rise to the phase ei(r−r
′)θ˜/2 in
(D1), which is essentially their only contribution that
remains since we state the result in the limit L→∞.
The correlation functions in (D1) and (D2) have the
following properties (all constants are L independent):
(i) If m = 0, then Kr,r′(x; 0) = 0 for x ∈ R. On the
other hand, if m > 0, there exist universal constants
C,C ′ > 0 such that
Kr,r′(x; 0) ≤ −Cmv0|x|
+ δr,−r′C ′(mv0 + max{1, lnx2}) (D3)
for x ≥ (mv0)−1. Moreover, limx→0Kr,r′(x; 0) = 0 for
any m ≥ 0.
(ii) If m = 0, then Rr,r′(t) = L−αδr,−r′ for t ∈ R.
On the other hand, ifm > 0, there exist constants C ∈
(0, 1) (depending on both m and v0) and cj , Cj > 0
for j ∈ Z (independent of both m and v0) such that
C ≤ Rr,r′(0) ≤ C−1, (D4)[
Rr,r′(0)
]−1
Rr,r′(2pij/mv
2
0) ∈ [cj , Cj ] ∀j 6= 0.
Moreover, limL→∞Rr,−r(0) =
(
mv0e
γ/4pi
)α for any
m ≥ 0, where γ is the Euler-Mascheroni constant.
(iii) For m > 0, let t ∈ [−pi/mv20 , pi/mv20 ] and j ∈ Z.
Then, for L sufficiently large and for some constant
C > 0 (both depending on t, j, m, and v0) the follow-
ing bound holds:∣∣Rr,r′(2pij/mv20 + t)∣∣ ≤ exp[−Ct2L]. (D5)
Below, we only prove (i) and (ii); the proof of (iii) is
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omitted since it is a straightforward extension of the
one for (ii).
Proof of (i). The fact that Kr,r′(x; 0) = 0 for m = 0 is
obvious. For m > 0, note that
[ω(p)− pv0]2
v0p2ω(p)
=
m2v30
p2ω(p)
− 2
[
1
p
− v0
ω(p)
]
. (D6)
Thus we can write Kr,r′(x; 0) = −f1(x) + δr,r′f2(x)
with
f1(x) =
∑
p>0
pi[1− cos(px)]
L
m2v30
p2ω(p)
, (D7a)
f2(x) =
∑
p>0
2pi[1− cos(px)]
L
[
1
p
− v0
ω(p)
]
. (D7b)
Since the functions above are even in x we will hence-
forth restrict to x ≥ 0. We first obtain a lower bound
for f1(x). Note that it is a sum of positive terms and
that mv20 < ω(p) ≤ mv20 + pv0 for p > 0. Thus, using
1− cos(px) ≥ p2x2/4 for p ≤ x−1, we obtain
f1(x) ≥ m
2v30
2(mv20 + v0/x)
∑
p≤x−1
2pi[1− cos(px)]
Lp2
≥ (mv0x)
2
8(1 +mv0x)
. (D8)
Using instead 1 − cos(px) ≤ p2x2/2 for p ≤ 1 and
1− cos(px) ≤ 2 otherwise, we obtain:
f1(x) ≤
∑
0<p≤1
pip2x2mv0
2Lp2
+
∑
p>1
2pimv0
Lp2
≤ mv0
(
x2 + C˜1
)
(D9)
for some constant C˜1. Consequently, we can take the
limit inside the sum in (D7a), implying limx→0 f1(x) =
0 by the dominated convergence theorem. Next, we
prove the following bound for f2(x):
f2(x) ≤ C ′
(
mv0 + max{1, lnx2}
)
(D10)
for some constant C ′. First, we consider x ≤ 1, and we
split the sum in (D7b) into two parts, corresponding
to the sums over 0 < p ≤ 1 and p > 1, respectively. In
the former we use 1−cos px ≤ px and 1/p−v0/ω(p) ≤
1/p. In the latter we instead use 1 − cos px ≤ 2 and
1/p− v0/ω(p) ≤ mv0/p2. This implies
f2(x) ≤ x+ C˜2mv0 (D11)
for some constant C˜2. By the same argument as below
(D9), we have limx→0 f2(x) = 0. We observe that
this together with (D9) proves limx→0Kr,r′(x; 0) = 0.
Second, for x > 1, we split the sum in (D7b) into three
pieces: S1, S2, and S3, corresponding to the sums over
0 < p ≤ x−1, x−1 < p ≤ 1, and p > 1, respectively.
Using 1− cos(px) ≤ px, we bound the first sum by
S1 ≤
∑
0<p≤x−1
2pi[1− cos(px)]
Lp
≤ C˜3 (D12)
for some constant C˜3. We bound the second sum by
S2 ≤ 4pix
L
+ 2
∫ 1
x−1
dp
p
≤ 2pi + 2 lnx. (D13)
Here, we used 1 − cos(px) ≤ 2 to obtain a sum of a
decreasing function, and then bounded that sum by
the corresponding integral plus the first term in the
sum. (The bound is not optimal but it is enough for
our purposes.) Finally, we bound the third sum by
again using 1/p− v0/ω(p) ≤ mv0/p2 to obtain
S3 ≤
∑
p>1
4pimv0
Lp2
≤ C˜4mv0 (D14)
for some constant C˜4. Combining the contributions
for x ≤ 1 and x > 1 implies (D10). To conclude, (D8)
and (D10) imply (D3) for x ≥ (mv0)−1.
Proof of (ii). By using (D6) we can write∣∣Rr,r′(t)∣∣ = Rr,r′(0)e−αf˜1(t)+αδr,r′ f˜2(t) (D15)
where
Rr,r′(0) = exp
(
αδr,−r′ [− lnL+ S]
)
(D16)
with S =
∑
p>0(2pi/L)
[
1/p− v0/ω(p)
]
and
f˜1(t) =
∑
p>0
pi[1− cos(ω(p)t)]
L
m2v30
p2ω(p)
, (D17a)
f˜2(t) =
∑
p>0
2pi[1− cos(ω(p)t)]
L
[
1
p
− v0
ω(p)
]
. (D17b)
To begin, we obtain upper and lower bounds for
Rr,r′(0) that do not depend on L. For some constants
C˜1 and C˜2 depending on m and v0 only, the sum S in
(D16) is bounded from below and above as follows:
S ≥
∫ 1
2pi/L
dp
[
1
p
− 1
mv0
]
≥ C˜1 + lnL, (D18)
S ≤ 1 +
∫ 1
2pi/L
dp
p
+
∑
p>1
2pimv0
Lp2
≤ C˜2 + lnL.
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Since 1/p is a decreasing function, the lower bound
was obtained by replacing the series with the integral,
whereas the upper bound was obtained by furthermore
adding the first term of the series. This proves the
first equation in (D4) uniformly in L. For general t ∈
(2pi/mv20)Z we need to provide suitable bounds for f˜1
and f˜2 uniformly in L. By inspection, f˜1(2pij/mv20) ≥
0, while an upper bound is obtained as follows:
f˜1
( 2pij
mv20
)
≤
∑
0<p≤mv0
pi
[
1− cos(2pij
√
1 + p2/m2v20)
]
Lp2/mv0
+
∫ ∞
mv0/2
dp
m2v30
p2ω(p)
≤ C˜1,j (D19)
for some constants C˜1,j , where we used that the func-
tion of p in the sum is continuous and bounded by
4pij/Lmv0 on [0,mv0]. We also have f˜2(2pij/mv20) ≥
0, and an upper bound can be found similar to before:
f˜2
( 2pij
mv20
)
≤
∑
0<p≤mv0
2pi
[
1− cos(2pij√1 + p2/m2v20)]
Lp
+
∫ ∞
mv0/2
dp
2mv0
p2
≤ C˜2,j (D20)
for some constants C˜2,j , where we instead used that
1 − cos(2pij√1 + p2/m2v20) ≤ 2pijp/mv0. The above
implies (D4). Finally, the limit below (D4) can be
computed by noting that
lim
L→∞
− lnL+
∑
p>0
2pi
L
[
1
p
− v0
ω(p)
]
(D21)
= γ + lnmv0 + lim
M→∞
∫ M
2pi
dξ
ξ
−
∫ M
0
dξ√
ξ2 + 1
,
where γ = limN→∞− lnN +
∑N
n=1 n
−1.
Appendix E: Gauge field
The quantum fields A(x) and E(x) formally satisfy
[A(x), E(x′)] = iδ(x − x′). We construct Fgauge by
introducing boson creation and annihilation operators
a±p and a vacuum state |Ψgauge,0〉 such that[
a−p , a
+
p′
]
= δp,p′ ,
[
a±p , a
±
p′
]
= 0,
a−p |Ψgauge,0〉 = 0 ∀p ∈
2pi
L
Z.
(E1)
We set Aˆ(p) = (i/2pi)
√
L/2
(
a−−p − a+p
)
and Eˆ(p) =√
L/2
(
a−−p + a
+
p
)
for p ∈ (2pi/L)Z. It follows that
[
Aˆ(p), Eˆ(p′)
]
= i
L
2pi
δp+p′,0,[
Aˆ(p), Aˆ(p′)
]
=
[
Eˆ(p), Eˆ(p′)
]
= 0,
(E2)
and Aˆ(p) = Aˆ(−p)† and Eˆ(p) = Eˆ(−p)†. Finally, we
formally write A(x) =
∑
p(2pi/L)Aˆ(p)e
ipx and E(x) =∑
p(1/L)Eˆ(p)e
ipx. [Note the extra factor 2pi for A(x).]
1. Gauge transformations
Gauge transformations are given by smooth periodic
maps [−L/2, L/2]→ U(1):
x 7→ eiΛ(x), Λ(x) = Λlarge(x) + Λsmall(x), (E3)
where Λlarge(x) = 2piwx/L for some w ∈ Z and
Λsmall ∈ C2
(
[−L/2, L/2],R) is periodic. This gives
a decomposition into large and small transformations.
The gauge transformations act as follows:
ψqr(x; ) 7→ e−iq
√
αα0(δ∗Λ)(x)ψqr(x; ),
Aˆ(p) 7→ Aˆ(p)−
√
αα0
2pie
∂̂Λ(p),
Eˆ(p) 7→ Eˆ(p),
(E4)
where ∂̂Λ(p) =
∫ L/2
−L/2 dx e
−ipx∂xΛ(x) and (δ∗Λ)(x) =
2piwx/L +
∑
p(1/L)e
ipx−|p|Λˆsmall(p). Their imple-
menters can be written as U(Λ) = (U0)wU(Λsmall)
with
U0 = eipi
√
αρ(0)ei
2pi
L
√
αα0
e Eˆ(0)R+R−, (E5)
U(Λsmall) = exp
(
i
√
αα0
e
∑
p
1
L
Gˆ(p)Λˆsmall(−p)
)
.
Note that eipi
√
αρ(0) in U0 is needed to compensate for
the phase factor due to the exchange relations of the
Klein factors, R−1∓ R
±1
± R∓ = e
ipiα0R±1± .
All physical quantities must be gauge invariant.
However, due to the non-trivial commutation relations
in (10a) the densities are not:
U(Λ)−1ρr(p)U(Λ) = ρr(p) + r
√
α0
2pi
∂̂Λ(p) ∀p. (E6)
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By comparing these transformations with those of the
gauge field in (E4), we observe that we can obtain
gauge-invariant densities as
ρ˜r(p) = ρr(p) + r
e√
α
Aˆ(p) ∀p. (E7)
Replacing ψ∓r (x; ) by e±iw(x)ψ∓r (x; ) with w(x) =
w(x, 0) in (41), the anyonic fields can be made
invariant under all non-rigid gauge transformations
[Λˆsmall(0) = 0]. These fields have a simple representa-
tion in terms of vertex operators:
e−iqw(x)ψqr(x; ) = L
−α/2 ××Rqrnαr exp
(
−iqr√α
× 2pi
L
[
xρ˜r(0) +
∑
p 6=0
1
ip
ρ˜r(p)e
ipx−|p|/2
])
×
× (E8)
for q = ±, which is used for actual computations. In
App. E 3 we will show that the definition in (E7) is
natural and equivalent to introducing Wilson lines.
2. Gauss’s law and physical Hilbert space
The physical Hilbert space Hphys is introduced by
fixing the action of gauge transformations. In what fol-
lows we assume that an external charge density ρext(x)
is present and let ρext(p) =
∫ L/2
−L/2 dx ρext(x)e
−ipx.
Let |f〉 be any state in Hphys. The action of small
gauge transformations is fixed by imposing the Gauss’s
law [cf. (45)]
Gˆ(p)|f〉 = − e√
α
ρext(p)|f〉 (E9)
so that we have the following U(1)-representation:
U(Λsmall)|f〉 = e−i
√
α0
∑
p L
−1ρext(p)Λˆsmall(−p)|f〉,
(E10)
provided that Λsmall is regular enough, depending on
ρext(x). On the other hand, large gauge transforma-
tions are fixed by requiring that
U0|f〉 = e−iθ|f〉 (E11)
for some fixed θ ∈ [0, 2pi). The dependence of the rep-
resentation on a “free” parameter θ is a consequence of
the global chiral symmetry breaking: The generator of
global chiral transformations ρ5(p = 0) =
√
α0(Q+ −
Q−) is not gauge invariant, and thus chiral transfor-
mations cannot be represented in Hphys, i.e., they are
broken and a continuous set of gauge-invariant vacua
is possible.56 In general, Hphys thus depends on the set
{θ; (ρext(p))p∈(2pi/L)Z}, but this dependence is usually
attached only to the vacuum; the standard notation
|ΨAS(θ)〉 is adopted when ρext(x) = 0.
3. Gauge-invariant anyon normal ordering
Anyon normal ordering can be made gauge invariant
by inserting a Wilson lineW(x, x′) = e−i(w(x)−w(x
′))
between the fields [see also (40)]:
ψ+r (x; )ψ
−
r (x
′; ) 7→ ψ+r (x; )W(x, x′)ψ−r (x′; )
(E12)
and
ψ+r (x; )[−i∂x′ + eA(x′)]ψ−r (x′; ) (E13)
7→ ψ+r (x; )W(x, x′)[−i∂x′ + eA(x′)]ψ−r (x′; ).
We therefore formally define
NAS[ψ
+
r (x)∂
n
xψ
−
r (x)]
= lim
→0+
lim
y→0
NAS,[ψ
+
r (x; )∂
n
yψ
−
r (x+ y; )] (E14)
for n = 0, 1, . . ., where
NAS,[ψ
+
r (x; )∂
n
yψ
−
r (x+ y; )]
=
r
2pii
Lα
(n+ 1)!
(
1√
α
∂
∂y
)n+1
× ××ψ+r (x; )W(x, x+ y)ψ−r (x+ y; )××
(E15)
for y 6= 0. By standard manipulations with vertex
operators,
×
×ψ+r (x; )W(x, x+ y)ψ
−
r (x+ y; )
×
× (E16)
=
×
×exp
(
ir
√
α
2pi
L
[
y
(
ρr(0) + r
e√
α
Aˆ(0)
)
+
∑
p 6=0
eipy − 1
ip
(
ρr(p) + r
e√
α
Aˆ(p)
)
eipx−|p|/2
])
×
× .
As in App. A, one can show that NAS[ψ+r (x)ψ−r (x)]
can formally be identified with ρ˜r(x) [cf. (E7)] and
∫ L/2
−L/2
dxNAS[ψ
+
r (x)(−i∂x + eA(x))ψ−r (x)]
=
piv0
L
ρ˜r(0)
2 +
∑
p>0
2piv0
L
ρ˜r(−rp)ρ˜r(rp) (E17)
for r = ±, which shows that the formal Hamiltonian
in (33) can be written using densities [cf. (C1)].
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